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Ž .Entwined structures A, C,  were introduced by Brzezinski and Majid to study´
the interdependence of an R-algebra A and an R-coalgebra C, R a commutative
ring. It turned out that this relationship can also be expressed by the fact that
A C has a canonical A-coring structure. More generally, weak entwinedR
structures and their modules were studied by Caenepeel and de Groot and
Caenepeel suggested relating these to pre-corings. Slightly modifying this notion
we introduce weak corings and develop a general theory of comodules over such
Ž .corings. In particular we obtain that A, C,  is a weak entwined structure if and
Ž .only if A C is a weak A-coring with canonical structure maps . Weak bialge-R
bras in the sense of BohmNillSzlachanyi are characterized as R-modules with an¨ ´
Ž .algebra and coalgebra structure B, ,  such that B B is a weak coring forR
the various coring structures induced by ,  , , and  . Moreover we will
characterize weak Hopf algebras as those weak bialgebras B, which are generators
Ž .for the comodules over B B  1.  2001 Academic PressR
INTRODUCTION
Throughout the paper R will be an associative commutative ring with
unit.
Ž . Ž .An R-algebra A, ,  and an R-coalgebra C, ,  are said to be
Ž .entwined, and A, C,  is said to be an entwining structure if there exists
an R-linear map
 : C A A C ,R R
such that
  I    I  I    I ,   I    I ,Ž . Ž . Ž . Ž . Ž .
I    I  I    I , I    I ,Ž . Ž . Ž . Ž . Ž .
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 where I denotes the appropriate identity maps. In 4 these conditions are
displayed in a nice bow-tie diagram. A similar ‘‘entwining’’ of two algebras
 is considered in Tambara 12 .
 Entwining structures are introduced in Brzezinski and Majid 2 to´
develop a theory of ‘‘coalgebra principal bundles’’ and the associated
 modules are defined in Brzezinski 3 as right A-modules with a coaction´
 : MM C such thatR
 m  a  m  m  a , for mM , a A.Ž . Ž .Ý 0 1
Although these structures are very useful and managable there is no
immediate evidence from the algebraic point of view why they are of such
  Ž .interest. This evidence is provided in 5 by the observation that A, C, 
is an entwining structure if and only if A C has an A-coring structureR
given by the comultiplication
 I  : A C A C C A C  A C ,Ž . Ž .R R R R A R
and the counit  I  : A C A, where A C has the canonicalR R
A-module structure on the left and the right A-action
1 c  a  c a , for a A , c C.Ž . Ž .
In particular, an R-module B with an algebra and a coalgebra structure
is a bialgebra if and only if the construction just described makes B BR
Ž Ž . .a B-coring resp. B, B,  an entwining structure , where the right B-ac-
tion is
1 c  b 1 c  b   b c , for b B , c C.Ž . Ž . Ž . Ž .Ž .
Motivated by problems in quantum field theory and operator algebras
the notion of bialgebras was extended to weak bialgebras by Bohm et al.¨
   1 and 10 . To relate these with the notions mentioned before, weak
Ž . Ž .entwining structures A, C,  and their co- modules were introduced and
 investigated in Caenepeel and de Groot 6 . It is pointed out in Brzezinski´
  Ž .5 that the category of co- modules over weak entwining structures can be
identified with the category of comodules over a suitable coring.
Ž  .By ideas of Caenepeel see 5, Section 6 the interpretation of entwining
structures as corings can be extended to weak entwining structures and
Ž .pre-corings: These are A, A -bimodules C , unital as a left A-module,
Ž .with an A, A -bimodule map : CC C satisfying the coassociativ-A
ity condition and a left A-module map  : C A with the property
Ž . Ž . c  a   c  1 a, for a A, cC.
 Because of the obvious importance of pre-corings it is suggested in 5
that the general properties of these structures be studied. This is the
motivation for the present paper.
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Slightly modifying the definition of pre-corings we introduce, in Section
1, weak A-corings C where ‘‘weak’’ indicates the fact that C need not be
unital as an A-module	neither on the left nor on the right side. The
corresponding notion of weak comodules is defined and their category is
considered.
A weak A-coring C which happens to be unital as a left A-module is
Ž . Ž .essentially a pre-coring as defined above , and C is a coring provided it
Ž .is unital both as a left and right A-module. In the definition of right
weak C-comodules M, we allow M to be non-unital as an A-module and
hence we will have AC as a right weak C-comodule. This differs from the
 approach in 5, 6 .
In Section 2 we ask when A itself is a comodule over the A-coring C.
This is the case if and only if there exists a group-like element in ACA,
and the coinvariants of any weak C-comodule M are introduced as the
images of 1 under the comodule morphisms AM. The notion of a
Galois weak A-coring is defined and it is shown how these are related to
equivalences between the comodules over ACA and the modules over the
Ž .coinvariants see 2.5 .
Ž .As for coalgebras and for corings, the dual algebra *CHom C , AA 
plays a prominent role for weak corings. This is investigated in Section 3.
Every right C-comodule may be considered as a right *C-module and if
AC is projective as a left A-module, for any right C-comodule the
C-comodule structure and the *C-module structure coincide. Some results
 shown for coalgebras in 14 are extended and a finiteness theorem for
Ž .weak comodules is proved see 3.8 . Notice that here *C need not have a
unit.
Given an R-algebra A and an R-coalgebra C, a comultiplication is
Ž .defined on A C in a canonical way see Section 4 and it is shown thatR
this yields a weak A-coring if and only if there exists a weak entwining
Ž  .map  : C A A C as considered in Caenepeel and de Groot 6 .R R
Ž . Ž .In this case the dual algebra * A C Hom C, A yields theR R
Ž . Ž .DoiKoppinen smash product see 4.2 .
In Section 5 we finally consider an R-module B which is an algebra and
Ž . Ž . Ž .a coalgebra : B B B, with  ab   a  b , for a, b B. WeR
Ž  .show that B is a weak bialgebra in the sense of Bohm et al. 1 if and¨
Žonly if B B is a weak B-coring both with respect to  and   whereR
. is the twist map . Moreover weak Hopf algebras are characterized as
those bialgebras B, which are generators in the category of right comod-
Ž . Ž .ules over B B  1 see 5.12 .R
The papers on weak Hopf algebras mostly consider finite dimensional
algebras over fields. Here we are working with algebras and coalgebras
over any commutative ring R without finiteness conditions. For explicit
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 examples and applications we refer to 1, 5, 6 , and the references given
there.
1. WEAK CORINGS
Ž .Throughout A will be an associative ring with unit 1 or 1 . In moduleA
theory usually the category of unital A-modules is considered. It has
turned out that for some applications non-unital modules are of interest
and hence we recall some elementary properties of non-unital modules
over unital rings.
1.1. Non-Unital Modules
˜ ˜Ž . Ž .By M resp. M we denote the category of all not necessarily unitalAA
Ž .right left A-modules while M and M denote the correspondingA A
subcategories of unital A-modules. For any module M the identity map is
denoted by I or just by I if no confusion arises.M
˜ Ž .We write M for the category of A, B -bimodules, with B an associa-A B
tive ring, which need not be unital neither on the left nor on the right; i.e.,
˜ Ž . Ž .for any M M and mM, a A, b B, we have am b a mb butA B
possibly m1  m and 1 m m. The subcategory of those bimodulesB A
which are left and right unital is denoted by M .A B
˜For M, N M , the set of bimodule morphisms MN will beA B
Ž . Ž .denoted by Hom M, N and we will write Hom M, N orA B A 
Ž .Hom M, N for the left A-module or right B-module morphisms, re-B
spectively.
˜For any M M there is a splitting A-epimorphismA
	 1: MM A , mm 1,A
Ž .which is injective bijective if and only if M is a unital A-module. We
have canonical isomorphisms
M AMA, m ama, andA
Hom A , M MA, f f 1 ,Ž . Ž .A
and we will identify these modules if appropriate. In particular, MAM1.
For any A-module morphism f : MN, the map f I: M ANA
 A can be identified with the restriction f : MANA which we willM AA
usually also denote by the symbol f. We have a functor
˜ ˜	 A: M  M 
 M , MM A , f f I ,A A A A A
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˜Ž .which is left right adjoint to itself; i.e., for any M, N M ,A
Hom M A , N Hom M A , N A Hom M , N A .Ž . Ž . Ž .A A A A A A A
Since A is a unital A-module this implies that
Hom M , A Hom MA, A .Ž . Ž .A A
Of course we have	and will use	the corresponding properties for
˜A  and left A-modules. For any M M , this induces a splittingA A A
Ž .A, A -morphism
1  1: M A M A AMA, m 1m 1  1m1 ,Ž .A A
and the isomorphisms
Hom M , A Hom MA, A Hom AMA, A .Ž . Ž . Ž .A A A A A A
1.2. Weak A-Corings
Ž . Ž .Let C be an A, A -bimodule. An A, A -bilinear map
 : CC A CA A
is called a weak comultiplication. For cC we write
 c  c  1 c .Ž . Ý 1 2
Ž . Ž .An A, A -bilinear map  : C A is called a weak counit for 





C A C C A C11A A A A
 I IC
In our notation this means
1c1  c c  c  c .Ž . Ž .Ý Ý1 2 1 2
We call C a weak coring provided it has a weak comultiplication  and
a weak counit  .
Ž .An A, A -submodule D
C which is pure as a left and right A-sub-
Ž .module is called a weak subcoring provided that  D 
D A D.A A
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The weak comultiplication  is coassociative if we have a commutative
diagram
 




C A C C A C A C ,A A A A A A
which is expressed by the equality
c  1 c  1 c  c  1 c  1 c .Ý Ý1 1 1 2 2 1 2 1 2 2
Ž .A weak A-coring C is said to be right left unital provided that C is
Ž .unital as a right left A-module, and C is called A-coring provided that C
is unital both as a left and right A-module. In this case C A CCA A
Ž . C as bimodules, we have the more familiar notation : CC CA A





IC C C CCA A
 I IC
Ž .This shows that for any A-coring C ,  splits as an A, A -bimodule
morphism.
An A-coring is said to be an A-coalgebra if A is commutative and the
Žleft and right action of A on C coincide i.e., ca ac for all cC ,
.a A .
Notice that left unital A-corings are essentially the A-pre-corings intro-
Ž  .duced by Caenepeel see 5, Section 6 .
The following observations are immediate consequences of the defini-
tions.
Ž .1.3. PROPOSITION. Let C , ,  be a weak A-coring. Then:
Ž . Ž . Ž .1 CA, ,  is a right unital weak A-coring.
Ž . Ž . Ž .2 AC , ,  is a left unital weak A-coring.
Ž . Ž .3 ACA, ,  is an A-coring.
For any weak A-coring C , the A-linear maps C A have ring struc-
tures which we are going to describe now. Notice the canonical isomor-
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phisms
C*  Hom C , A Hom CA , A ,Ž . Ž . A  A
AC *  Hom AC , A Hom ACA , A ,Ž . Ž . Ž . A  A
*C  Hom C , A Hom AC , A ,Ž . Ž .A  A 
* CA  Hom CA , A Hom ACA , A ,Ž . Ž . Ž .A  A 
*C*  Hom C , A Hom ACA , A  *CC*.Ž . Ž .A A A A
Ž .1.4. MULTIPLICATION ON Hom C , A . Let C be a weak A-coring.A
Ž . Ž .1 C* has a ring structure gien by the conolution product, for
f , gC*,
gI f   
f g : C CA C A C AC A;r A A
Ž . Ž Ž . . Ž .i.e., f g c Ý f g c c .  is a central idempotent in C* and AC *r 1 2
 C*.r
Ž .2 *C has a ring structure gien by the product, for f , gC*,
If g   
f g : C C AC C ACA A;l A A
Ž . Ž Ž .. Ž .i.e., f g c Ýg c f c .  is a central idempotent in *C and * CA l 1 2
 *C.l
Ž .3 *C* is a ring with multiplication, for f , g *C*,
gIf  
f g : C C A C A;A A
Ž . Ž . Ž .i.e., f g c Ýg c f c , with unit  .1 2
Ž .4 If C is a coassociatie weak A-coring, then all these rings are
associatie.
Ž .Proof. 1 For any fC* and cC ,
f  c  f  c c  f 1c1 andŽ . Ž . Ž .Ž .Ýr 1 2
 f c   f c c  f c  c  f c  c  f 1c1 .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý Ý Ýr 1 2 1 2 1 2
Ž . Ž . Ž . Ž . Ž .2 This is symmetric to 1 , and 3 follows from 1 and 2 .
Ž .4 This can be verified by direct computation.
So for any A-coring C , the rings C*, *C , and *C* have unit  . This was
  Žalready observed in 11, Proposition 3.2 . If C is an A-coalgebra A
.commutative we have *CC* and the above results are well-known
facts about the dual algebra of a coalgebra.
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1.5. Weak Comodules
˜Let C be a weak A-coring and let M M . An A-linear map  :A M
MM A C is called a weak coaction on M, and it is said to beA A













M AC M AC ACA A A
Ž .is commutative. For mM we write  m Ým  1m .M 0 1
With this notation coassociativity of  corresponds to the equalityM
m  1  m   m  1m ,Ž . Ž .Ý Ý0 1 M 0 1
and weak counitality of  is expressed byM
m1 m  m .Ž .Ý 0 1
Ž .Clearly, if M is a unital A-module we have I     I .M M M
Ž .For a coassociative weak A-coring C , an non-unital A-module M with
Ž .a counital coassociative coaction is called a right weak C-comodule.
An A-submodule K
M is a weak subcomodule if
 K 
 K A C
M A C .Ž .M A A A A
Left weak coactions and left weak C-comodules, etc., are defined in a
symmetric way.
Ž .Notice that any weak A-coring C has a left and a right coaction by 
which, however, need not be weakly counital. On the other side, it is easy
Ž . Ž .to see that the obvious right left C-coaction on AC on CA is weakly
counital. In particular, for any coassociative weak A-coring, AC and CA
are right and left weak C-comodules, respectively.
Let C be an A-coring. Then a right weak C-comodule M is called a
right C-comodule provided that MAM; i.e., M is a unital right A-mod-
Ž .ule. As mentioned above, this implies that I    
  I .M M M
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1.6. PROPOSITION. Let M be a right weak comodule oer the coassociatie
weak A-coring C. Then:
Ž .1 MA is a weak comodule oer C ;
Ž . Ž .2 MA is a weak comodule oer the left unital weak A-coring AC ;
Ž . Ž .3 MA is a weak comodule oer the right unital weak A-coring CA;
Ž .4 MA is a comodule oer the A-coring ACA.
Notice that	in contrast to comodules	the structure map  : MMM
 A C of weak comodules need not be injective even if C is a coring.A A
ŽFor example, if we consider A as an A-coring by  : A A A,A
. I , every right A-module M is a weak A-comodule by the map  1:A
MM A, which is not injective unless M is unital.A
1.7. Morphisms
A morphism of modules with weak coaction f : MN is an A-linear








M AC N ACA A
Ž .commutes, which means   f f I  .N M
C Ž .The set Hom M, N of morphisms of modules with weak coaction is an
abelian group, and by definition it is determined by the exact sequence
C 0Hom M , N Hom M , N Hom M , N AC ,Ž . Ž . Ž .A A A
Ž . Ž .where  f  
  f	 f I  
 .N M
For weak comodules, morphisms respecting the coactions are called
comodule morphisms. The following observations are easy to verify.
1.8. WEAK COACTION AND TENSOR PRODUCTS. Let X be any unital right
˜A-module. Let M M with a right weak C-coaction  : MM AC.A A M A
Ž .1 X M has a right weak C-coactionA
I  : X M X M AC ,M A A A
and for any A-module morphism f : X Y,
f I : X M Y MA A
is a morphism of modules with weak C-coaction.
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Ž .2 In particular, X C is a right C-comodule byA
I  : X C X AC X AC AC ,A A A A
and f I: X C Y C is a morphism of modules with weak C-A A
coaction.
Ž .3 For any index set , the module with right weak C-coaction
AŽ . AC is isomorphic to AC Ž ..A
Ž .4 Assume C and  to be coassociatie. Then X C and X MM A A
are right weak C-comodules and  is a comodule morphism.M
1.9. Kernels and Cokernels
Let f : KM a be a morphism of right A-modules with weak coaction.
˜So we have an exact commutative diagram in M ,A
f g  





fI gI  
K AC M AC N AC 0A A A
˜By the cokernel property of N in M , this can be completed commuta-A
tively by some A-linear map 
 : NN AC ; i.e., we have a weakN A
C-coaction on N, and	by construction	g is a morphism for modules
with weak C-coaction. This shows that f has a cokernel which is a
morphism of modules with weak coaction.
The existence of a kernel of f can be shown in a similar way provided
the functor  AC respects injective morphisms; i.e., AC is flat as a leftA
A-module.
For a coassociative weak A-coring C , the class of weak C-comodules
together with the C-comodule morphisms form an additive category which
˜Cwe denote by M .
Ž .For a coassociative A-coring C we only consider weak comodules
which are unital as A-modules and the category of these is denoted
by M C.
We summarize the above observations.
˜C1.10. THE CATEGORY M . Let C be a coassociatie weak A-coring.
˜CŽ .1 The category M has direct sums and cokernels. It has kernels
proided that AC is flat as a left A-module.
˜CŽ .2 For the functor  C : M  M we hae the natural isomor-A A
phism
HomC MA, X C Hom MA, X , f I   f ,Ž . Ž . Ž .A A
˜C Ž .for M M , X M , with inerse map h h I  .A M
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˜CŽ .3 The functor  CA: M  M is right adjoint to  A:A A A
˜CM  M .A
Ž . C4 If C is a coring, then  C : M  M is right adjoint to theA A
forgetful functor M C M .A
˜Ž .Proof. 1 It is easy to check that coproducts in M yield coproducts inA
˜CM in an obvious way. The rest is clear by the preceding remarks.
Ž . Ž .2 For hHom MA, X , the compositionA
 IM hI  MA MA C X C XA A
yields the map h.
C Ž . Ž .Let fHom MA, X C and put h I   f. Then the compo-A
sition
M hI MA MA C X CA A
yields the map f. Thus the given assignments are inverse to each other.
Any A-morphism MN of right A-modules induces a morphism
MANA and so it is easy to see that the isomorphism is natural in both
arguments.
Ž . Ž .3 This follows from 2 by the isomorphism
HomC MA, X C HomC M , X CA .Ž . Ž .A A
Ž . Ž .  4 This is a consequence of 3 . It is also shown in 5, Lemma 3.1 .
Putting X A and M AC we obtain the
1.11. COROLLARY. For any weak A-coring C , there are ring isomorphisms
End  C ACA  AC *, EndC  ACA  * CA ,Ž . Ž . Ž . Ž .
which are both gien by f  f.
Proof. By 1.10, the map
End  C ACA Hom ACA , A  AC *, f  f ,Ž . Ž . Ž . A
 C Ž .is an isomorphism of abelian groups. Moreover, for f , g End ACA
and c ACA,
 f   g c   f  g c cŽ . Ž . Ž .Ž . Ž .r 1 2
  f  I  g I  cŽ . Ž .Ž .Ž .
  f  I  g cŽ .Ž .Ž .
  f g c   f g c .Ž . Ž . Ž .Ž .
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To end this section we notice some elementary properties of the
HomC-functors.
1.12. EXACTNESS OF THE HomC-FUNCTOR. Let C be flat and let M, NA
˜C M . Then:
C ˜CŽ . Ž .1 Hom , N : M  -Mod is left exact.
C ˜CŽ . Ž .2 Hom M,  : M  -Mod is left exact.
C ˜CŽ . Ž .3 If A is right A-injectie then Hom , ACA : M  -Mod
is exact.
˜CŽ .Proof. 1 Any exact sequence X Y Z 0 in M yields a





Ž . Ž . Ž .Hom Z, N0 Hom Y , N Hom X , N
    
Ž . Ž . Ž .Hom Z, N0 Hom Y , N Hom X , NA A A
    
Ž . Ž . Ž .Hom Z, N AC0 Hom Y , N AC Hom X , N ACA A A A A A
The second and third rows are exact because of the exactness properties of
Hom . Now diagram lemmata imply exactness of the first row.A
Ž .2 This is shown with a similar diagram.
Ž .3 This is a consequence of the functorial isomorphism in 1.10.
2. A AS WEAK C-COMODULE, COINVARIANTS
For a given A-coring C , in general A need not be a weak comodule
over C. If this is the case it will be of special interest when A is a
˜Cgenerator in M . First we describe the general situation.
2.1. A AS WEAK COMODULE. For any weak A-coring C , the following are
equialent:
Ž .a A is a right C-comodule.
Ž .b A is a right ACA-comodule.
Ž . Ž Ž .c There exists a group-like element g ACA i.e.,  g  g gA
Ž . .and  g  1 .
Ž . Ž .Proof. a  b Let  : A A C be a coaction which makes AA A
a right C-comodule. Then Im   ACA and so A is a right ACA-co-A
module.
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The converse implication is trivial.
Ž . Ž . b  c Since ACA is an A-coring the assertion follows by 5,
Lemma 5.1 . Notice that for a group-like gC , the coaction on A is
given by
 : A A C , a 1 g  a  g  a .Ž .A A
˜CIf A, M M , any comodule morphism f : AM is uniquely deter-
mined by the image of 1  A and this explains the importance of theA
2.2. COINVARIANTS. Let C be a weak A-coring with a group-like element
g ACA.
˜CŽ .1 The coinariants of any M M are defined by
M co C  f 1  fHomC A , M  mMA   m m 1 g . 4 4Ž . Ž . Ž .M
Ž .2 In particular, for M A we hae a subring
co C C  4A  f 1  f End A  a A  g  a a  g 
 A. 4Ž . Ž .
Ž . C Ž . co C Ž .3 The map End A  A , f f 1 , is a ring isomorphism, and
HomC A , M M co C , f f 1 ,Ž . Ž .
co C ˜Cis a right A -module isomorphism, for M M .
Ž . Ž .co C C Ž . Ž .4 N  AC  Hom A, N  ACA  Hom A, NA A A A
˜NA, for any N M , with the mapsA
 : HomC A , N ACA Hom A , NA NA,Ž . Ž .N A A
f I   f I   f 1 .Ž .Ž . Ž .
Ž . Ž .co C C Ž . Ž .5 AC Hom A, ACA Hom A, A  A, with the mapsA
 : HomC A , A ACA Hom A , A  A ,Ž . Ž .A A A
f  f  f 1 .Ž .
Ž .Proof. Most of these assertions are obvious. To prove 4 we refer
to 1.10.
Ž  .The standard Hom-tensor relation yields compare 5, Proposition 5.2 :
2.3. THE COINVARIANT FUNCTOR. Let C be a weak A-coring and let A
co C ˜Cbe a right C-comodule. Putting B A , for any N M and M M ,B
there is a natural isomorphism
HomC N A , M Hom N , HomC A , M ,Ž . Ž .Ž .B B
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showing that the functor
co C C C co C˜ Hom A ,  : M  M , MM ,Ž . Ž . B
˜Cis right adjoint to the induction functor  A: M  M , where theB B
C-comodule structure of N A is gien by I  .B A
Ž .co CClearly, if C is flat, then  is an exact functor if and only if A is aA
˜Cprojectie object in M .
2.4. Galois A-Corings
Let C be a weak A-coring with a group-like element g ACA, and put
B Aco C. Then C is said to be right Galois if the canonical map
HomC A , AC  A ACA , f a f a ,Ž . Ž .B
is an isomorphism.
Ž .By the isomorphisms considered in 2.2 5 , the diagram
C

Ž .Hom A , A ACA  A ACAA B
 IA
 
A A ACA ,B

 Ž .f b f b
 
Ž . Ž . f 1  b  f 1  g  b
Ž Ž ..is commutative since recall that g  1A
 f 1  g  b  f 1   b   f b bŽ . Ž . Ž . Ž .A 0 1
  I  f I  bŽ . Ž .Ž . A
property of f  I  f b  f b .Ž . Ž .Ž . Ž .
Hence C is right Galois if and only if the canonical map
 : A A ACA , a b a   1  b ,Ž .B A
is an isomorphism. It is obvious from this definition that the weak
A-coring C is right Galois if and only if the A-coring ACA is right Galois
 and this condition coincides with Definition 5.3 in 5 .
Notice that A A may be considered as an A-coring in a canonicalB
way and it is straightforward to verify that the canonical map  is in fact
Ž  .an A-coring morphism see 11, Example 1.2 and Definition 1.3 .
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The interest in Galois objects lies in the following observation.
Ž . AC A2.5. A AS A PROJECTIVE GENERATOR IN M . Let C be a weak
A-coring with a group-like element g ACA and put B Aco C.
Ž .1 The following are equialent:
Ž .a C is right Galois, and A is flat as left B-module;
Ž . AC Ab AC is flat as left A-module, and A is a generator in M ;
Ž . AC A C Ž . AC Ac M is a Grothendieck category, and Hom A,  : M 
Mod-B is a faithful functor;
Ž . AC Ad AC is flat as left A-module, and for any M M , the map
M co C  AM , m ama,B
is an isomorphism.
Ž .2 The following are equialent:
Ž .a C is right Galois, and A is faithfully flat as a left B-module.
Ž .b AC is flat as a left A-module, and A is a projectie generator
in M AC A.
Ž . AC A C Ž . AC Ac M is a Grothendieck category, and Hom A,  : M 
Mod-B is an equialence.
Ž . Ž . Ž . Ž .Proof. 1 a  b If A is flat then the functor  A A B A B
	 ACA is exact, i.e., AC is flat as a left A-module. The first part ofA
  Ž  .the proof of 5, Theorem 5.6 also 8, 2.5 shows that A is a generator
in M AC A.
Ž . Ž .b  c This is a well-known characterization of generators in
any catgeory. AC flat as an A-module implies that M AC A is a Grothen-
Ž .dieck category see 1.10 .
Ž . Ž .d  a In a Grothendieck category any generator is flat as a
Ž  .module over its endomorphism ring e.g., 13, 15.9 . In particular A is a
flat B-module.
Ž . Ž .b  d This is easily shown by standard arguments.
Ž . Ž . AC A2 By 1 , M is a Grothendieck category. Therefore a finitely
generated generator P in M AC A is projective in M AC A if and only if P is
Ž  .faithfully flat as a module over its endomorphism ring e.g., 13, 18.5 .
AC AŽ .Moreover, for such modules P, Hom P,  induces an equivalence
Ž  .e.g., 13, 46.2 .
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3. C-COMODULES AND *C-MODULES
For any coalgebra C , C-comodules are closely related to modules over
the dual algebra of C. To a certain extent this transfers to weak corings
and comodules. Before studying this we recall some basic facts.
3.1. Canonical Maps
For any left A-module K and right A-module N, consider the canonical
map
 : N KHom K *, N , n k f nf k .Ž . Ž .N , K A 
It is easy to see that this map factors through N AK yielding a mapA
 : N AKHom K *, NA .Ž .N , K A 
Ž .1 The following are equialent:
Ž .a  is injectie.N, K
Ž . Ž .Ž .b For uN AK , I f u  0, for all f K *, implies thatA
u 0.
Ž .2 If  is injectie for each right A-module N, then AK is flat andN, K
cogenerated by A.
Ž .3 If AK is a projectie A-module, then  is injectie, for eachN , K
˜N M .A
Ž . Ž .Ž .Proof. 1 Let u  Ýn  k  N  AK . Then I  f u i i A
Ž .Ýn f k  0, for all f K *, if and only if uKe  .i i N , K
Ž .2 For any exact sequence 0NM of unital right A-modules,
we have the commutative diagram
 
N AK0 M AKA A
 N , K M , K
 
  Ž . Ž .0 Hom K , N Hom K , M 
The exactness of the second line implies exactness of the first line thus
showing that AK is flat.
A , K Ž . KNotice that A AK Hom K *, A 
 A .A 
Ž . Ž . Ž . 43 For a dual basis p , k  p  AK , k  AK , let Ý n  ki i i i I i i i
Ke  . ThenN , K
n  k  n  p k k  n p k  k  0,Ž . Ž .Ý Ý Ý Ý Ýi i i l i l i l i lž /
i i l l i
Ž .since Ý n p k  0, for each l, showing that  is injective.i i l i N , K
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To transfer properties of *C-modules to weak C-comodules the follow-
ing conditions on the A-module structure of C are sufficient.
3.2. -Condition for Weak Corings
Ž .We say that a weak A-coring C satifies the left right -condition if the
map
 : N ACHom *C , NA , n c f nf c ,Ž . Ž .N , C A 
 : CA LHom C*, AL , c l g g c l ,Ž . Ž .Ž .C , L A 
Ž .is injective for every right A-module N left A-module L .
Ž . Ž . ŽBy 3.1 3 , C satifies the left right -condition provided that AC resp.
. Ž .CA is projective as a left right A-module.
Ž .3.3. C-COACTION AND *C-ACTION. 1 Let  : MM A C beM A A
a weak coaction. Then
 : M *CM , m f I f  m ,Ž . Ž .A
defines a right *C-action on M.
Ž .2 Eery A-submodule K
M with coaction is a submodule with
*C-action.
Ž .3 If C satisfies the left -condition, then eery submodule closed
under *C-action has C-coaction.
Ž .4 Let h: MN be an A-linear map of modules with right C-
coaction.
Ž .i If h is a morphism for right C-coaction, then h is a morphism for
right *C-action.
Ž .ii If C satifies the left -condition and h is a morphism for left
*C-action, then h is a morphism for right C-coaction.
Ž . Ž .Proof. The assertions in 1 and 2 are straightforward to verify.
Ž .3 Let K
M be a submodule with *C-action and consider the
map
  : KHom *C , K , k f kf .Ž .K 
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Notice that     . We have the commutative diagram withM M , C M
exact lines
pi  







 pIiI  
K AC0 M AC MK AC 0A A A

  K , C M , C MK , C
 Ž .Hom *C , i   
Ž . Ž . Ž .Hom *C , K0 Hom *C , M Hom *C , MK 0  
Ž .where all the  ’s are injective and Hom *C , i     i. ThisK M , C
˜Ž . Ž .implies that p I   i 0, and by the kernel property in M ,M A
  i factors through K AC ; i.e., we have a coaction K K AC.M A A
Obviously the diagram yields a coaction on MK , too.







M AC N ACA A

 M , C N , C
Ž .Hom *C , h 
Ž . Ž .Hom *C , M Hom *C , N 
in which the lower square is always commutative.
If h is a comodule map, then the upper square is also commutative and
so is the outer rectangle. It is straightforward to see that this is equivalent
Ž .to h respecting *C-action, thus showing i .
Now assume the outer rectangle to be commutative. By assumption
 is injective and this implies that the upper square is also commuta-N, C
Ž .tive, proving ii .
3.4. C-COMODULES AND *C-MODULES. Let C be a coassociatie weak
A-coring, let  : MM A C be a right weak coaction, an let  :M A A
M *CMA
M be the corresponding action.A
Ž .1 If  is coassocciatie then  makes M a right *C-module and M
acts as an identity on MA.
Ž .2 If C satisfies the left -condition and M is a right *C-module by
 , then  is coassociatie and eery *C-submodule of M is a weakM
C-subcomodule.
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Ž .Proof. 1 If  is coassociative we have the commutative diagram,M
for f , g *C ,
M AC  IAM IIf Ig 
M M AC AC M ACA MA A A A
  IM MM ACA
Ž .For any mM the upper path yields m f g while the lower pathl
Ž .yields m f  g. This implies our first assertion.
Ž .Since M is weakly counital, for any mM, m1 Ým  m0 1
m1.
Ž . Ž . Ž .2 If M is a *C-module by  , then m f g  m f  gl
for all f , g *C and the left -condition implies commutativity of the
rectangle in the above diagram.
The second assertion follows from 3.3.
By 3.3 we have the following relationship between
3.5. C-COMODULE AND *C-MODULE MORPHISMS. Let M and N be right
weak C-comodules and let h: MN be an A-linear map.
Ž .1 If h is a C-comodule morphism then h is a *C-module morphism.
Ž .2 If C satisfies the left -condition and h is a *C-module morphism,
then h is a C-comodule morphism; i.e.,
C ˜CHom M , N Hom M , N , for any M , N M .Ž . Ž .*C
In a similar way left weak coactions on a left A-module M yield left
actions of C* on M. In particular we have for C itself:
3.6. *C- AND C*-ACTIONS ON C. For any coassociatie weak A-coring C
there are actions
 : C *CCA , c f I I f  c ,Ž . Ž .A
pi169 : C* C AC , g c g I I  c .Ž . Ž .A
Ž . Ž .1 For any f *C , g C*, and c C , gpi169 c  f gpi169
Ž .c f .
Ž . Ž . Ž .2 For any f *C , h *C*, and cC , f h c  f hpi169 c l
Ž .h c f .
Ž . Ž . Ž .3 For any cC , c  1c1 pi169 c. * ACA and ACA * act
faithfully on ACA.
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Ž .4 If C satisfies the left -condition, then any right A-submodule
D
CA which is closed under right *C-action has right weak coaction.
Ž .5 Let C satisfy the left and right -condition, and consider any
Ž .A, A -submodule D
 ACA which is pure as left and right A-submodules.
Then D is a weak subcoring if and only if D is closed under left C*-action and
right *C-action.
Ž .Proof. 1 By definition,
gpi169 c  f g c c f c  g c c f cŽ . Ž . Ž . Ž . Ž .Ý Ý1 2 1 2 2 1 1 1 2 2
 gpi169 c f .Ž .
Ž .2 By definition,
f h c  h c f c  h c fŽ . Ž . Ž .Ž .Ýl 1 2
 h c f c  f hpi169 c .Ž . Ž . Ž .Ý 1 2
Ž . Ž .3 This is clear by weak counitality of  and 1.11; 4 follows
from 3.3.
Ž .5 Clearly every weak subcoring D is closed under left C*-action
and right *C-action.
Ž .Let D
C be an A, A -submodule with the purity condition which is
closed under left C*-action and right *C-action. Then the restriction of 
yields a left and right C-coaction on D and
 D 
D A CC A DD A D.Ž . A A A A A A
The first inclusion follows from 3.3. For the equality consider the commu-
tative and exact diagram
0 0 0
     
D A D0 D A C D A CD 0A A A A A A
 
   
C A D0 C A C C A CD 0A A A A A A
Ž  .Since the left square is a pullback e.g., 13, 10.3 , we can make the
identification stated. This shows that D is a weak subcoring.
Ž .Writing morphisms of left co- modules on the right side of the argu-
ment and vice versa, the following is now obvious:
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3.7. COASSOCIATIVE A-CORINGS. Let C be a coassociatie A-coring.
Ž .1 *C and C* are associatie rings with unit.
Ž . Ž .2 The actions  and pi169 make C a C*, *C -bimodule which is
faithful on the left and on the right.
Ž .  C Ž . C Ž .3 End C C* and End C  *C.
Ž . Ž .4 If C satisfies the left right -condition then
End C  End  C C C*Ž . Ž .*C
resp., End C  EndC  C  *C .Ž . Ž .Ž .C *
The preceding observations yield a close relationship between weak
C-comodules and *C-modules and we obtain a general form of the
finiteness theorem for coalgebras.
3.8 THE CATEGORY OF WEAK COMODULES. Let C be a coassociatie
weak A-coring satisfying the left -condition.
˜C ˜Ž .1 M is a full subcategory of M .*C
˜CŽ . Ž2 For eery M M , M AC is generated and MA is subgener-A
.ated by the right C-comodule AC.
˜CŽ .3 For eery M M , finitely generated *C-submodules of MA are
Ž .finitely generated as right A-modules.
Ž . Ž .4 If ACA is finitely generated as a left C*-module left A-module ,
˜CŽ .then * ACA  M .
Ž .Proof. 1 This is clear by 3.4 and 3.5.
Ž . Ž .2 We have an epimorphism A M A of right A-modules.A
Ž .Ž . Ž .By 1.8 this yields an epimorphism A C  A  CM ACA A A
˜Cin M .
Notice that  is a comodule morphism but need not be injective.M
However the restriction to MA
M is injective and hence MA is a
subcomodule of M AC.A
Ž .3 For kMA consider the cyclic submodule K  k*CMA. By
Ž .3.4, there exists a weak coaction  : K K AC and we have  k K A K
Ýr k  c , where k  K , c  C. So for any f *C , k fi1 i i i i
r Ž .Ý k f c , which shows that K is finitely generated by k , . . . , k as ai1 i i 1 r
right A-module.
Ž . Ž4 Let ACA be finitely generated as a left C*-module or A-mod-
.ule by a , . . . , a  ACA and consider the map1 r
r r
* ACA  a , . . . , a * ACA 
 ACA 
 AC ,Ž . Ž . Ž . Ž . Ž .1 r
f a , . . . , a  f .Ž .1 r
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Ž .Since * ACA acts faithfully on ACA this is a monomorphism of right
Ž . Ž .* ACA -modules. So * ACA is a submodule of the weak comodule
rŽ . Ž .AC and hence is a right weak C-subcomodule by 3.4 .
Ž .The proof shows that under the given conditions * ACA is in fact a
comodule over the coring ACA. For corings the situation simplifies to the
Ž .  following. Notice that assertion 3 was already observed in 5, Lemma 4.3 .
3.9. THE CATEGORY OF COMODULES. Let C be a coassociatie A-coring
satisfying the left -condition.
Ž . C C  1 C is a subgenerator in M and M   C is a full subcategory*C
of M .*C
Ž . C2 For eery M M , any finitely many elements of M are contained
Ž .in a module *C-submodule which is finitely generated as an A-module.
Ž .3 If C is finitely generated as a left C*-module or left A-module, then
M C  M .*C
Ž .4 For a left noetherian ring A, the following are equialent:
Ž .a C is finitely generated as a left A-module;
Ž .b C is finitely generated as a left C*-module;
Ž . Cc M  M .*C
Ž . Ž . Ž .Proof. 1 , 2 , and 3 follow immediately from 3.8.
Ž . Ž . Ž . Ž .4 a  b  c are clear by 3.8.
Ž . Ž . Ž . Ž .c  a By 2 and 3 , *C is finitely generated as a right
Ž .A-module and hence C** is a finitely generated noetherian left A-mod-
ule. By the left -condition, C is cogenerated by A and so C is aA A
submodule of C** and hence is finitely generated.
4. ENTWINING STRUCTURES
Ž .For the history and importance of weak entwining structures and their
Ž .    co modules we refer to Caenepeel and de Groot 6 and Brzezinski 5 .´
Here we show how this theory can be derived and interpreted by using
weak corings studied in the preceding sections, thus providing alternative
 proofs of related results in 6 .
Let R be a commutative associative ring with unit, let : A A AR
be an R-algebra with unit : R A, and let : C C C be anR
R-coalgebra with counit  : C R.
We are interested in the interaction between the algebra A and the
coalgebra C. For this we ask for possible structures of A C. TheR
 following result was essentially announced in 5, 6 .
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4.1. A C AS AN A-CORING. Consider A C as a left A-moduleR R
canonically.
Ž .1 Assume that there exists a right A-action on A C and define theR
R-linear map
 : C A A C , c a 1 c  a,Ž .R R
Ž .  writing  c a Ýa  c , for suitable a  A, c  C. Moreoer, con- 
sider the maps
 : A C A C  A C  A C  1 C ,Ž . Ž . Ž .R R A R R R
a c a c  1 c  a c  1 c ,Ž . Ž . Ž .Ý Ý1 A 2 1 2
 : A C A C  1 A ,Ž .R R
a c a c  1 I  a c  1 ,Ž . Ž . Ž .Ž .
Ž .where  c Ýc  c for c C. Then:1 2
Ž . Ž .i If A C, ,  is an A-coring, thenR
Ž . Ž .  1.1 Ý ab  c Ýa b  c .  
Ž .    1.2 Ýa  c  c Ýa  c  c . 1 2  1 2
Ž . Ž  . Ž .1.3 Ýa  c   c a.
Ž . 1.4 Ý1  c  1 c.
Ž . Ž .. Ž .ii If A C, ,  is a weak A-coring, then 1.1 holds andR
Ž . Ž  .   1.2 Ýa  c  1  c Ýa  c  c . 1 2  1 2
Ž . Ž  . Ž  .1.3 Ýa  c Ý c 1 a. 
Ž .  Ž  .1.4 Ý1  c Ý c 1  c . 1  2
Ž .2 Assume that there exists an R-linear map  : C A A CR R
and define a right A-action on A C byR
A C  A A C , a c  b a c b .Ž . Ž . Ž .R R R
Ž . Ž . Ž .If  satisfies 1.1  1.4 , then A C is an A-coring. If  satisfies 1.1 ,R
Ž . Ž . Ž . Ž .1.2 , 1.3 , and 1.4 , then A C is a left unital weak A-coring.R
Ž .In the first case A, C,  is called an entwining structure, in the second
Ž . Ž .case A, C,  is called a weak entwining structure. Notice that 1.2
 differs slightly from the corresponding condition in 6 .
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Ž . Ž . Ž .Proof. 1 i 1.1 Associativity of right multiplication yields
ab  c 1 c  ab 1 c  a  b a b  c .Ž . Ž . Ž .Ý Ý  
Ž .1.2 By definition we have
 1 c  a   a  cŽ .Ž . Ž .Ý 
 a  c  c , andÝ  1 2
 1 c  a 1 c  1 c  aŽ . Ž . Ž .Ý 1 A 2
 1 c  a  cŽ . Ž .Ý Ý1 A  2
 a  c c .Ý  1 2
If  is a right A-module morphism, the two expressions are the same.
Ž . ŽŽ . .1.3  is a right A-module morphism, so I  1 c  a 
Ž . c a.
Ž . Ž .1.4 A C is a unital right module, so 1 c 1 c  1R
Ý1  c.
Ž . Ž . Ž .ii 1.2 One expression from 1.2 remains unchanged; for the
other we get
 1 c  a   a  cŽ .Ž . Ž .Ý 
 a  c   1 c Ý ž / 1 2
 a  c  1  c .Ž .Ý  1 2
Ž .1.3  is a right A-module morphism, so
a  c  I  1 c  aŽ . Ž .Ž .Ý 
 I  1 c  1  aŽ .Ž .Ž .
 I  1  c  aŽ .Ýž /
  c 1 a.Ž .Ý 
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Ž .1.4  is weakly counitary, so
1  c 1 c  1Ž .Ý 
counital  I  1 cŽ .Ž .
 I  I 1  c cŽ .Ý  1 2
  c 1  c .Ž .Ý 1  2
Ž .2 Given the map  with the corresponding properties the asser-
tions can be verified along the same lines.
4.2. Dual Algebra and Smash Product
Ž .Let A C be a weak A-coring as in 4.1 . Then the canonicalR
R-module isomorphism
Hom A C , A Hom C , A , h h 1  ,Ž . Ž . Ž .A  R R
Ž .induces an associative algebra structure on Hom C, A with multiplica-R
tion
f g c  f c g c , for f , gHom C , A , c C.Ž . Ž . Ž .Ž .Ý l 2 1 R
We call this algebra the smash product of A and C and denote it by
Ž . C, A .
Ž . C, A contains a central idempotent e defined by
e c   1 c  I  1 c  1 , for c C.Ž . Ž . Ž .Ž .
Assume C to be projectie as an R-module. Then:
˜AR CŽ .1 The category M of right weak A C-comodules is a fullR
Ž .subcategory of Mod- C, A .
Ž .2 A C subgenerates all weak right A C-comodules which areR R
unital right A-modules.
˜AR CŽ . Ž .3 If C is finitely generated as R-module, then  C , A  e M .l
˜ Ž . Ž .Proof. For f , gHom A C, A we have see 1.4˜ A  R
˜ ˜ ˜ f g g 1 c  f 1 c  g f 1 c  cŽ . Ž . Ž .˜ ˜ ˜Ž .Ý Ý ž /l 1 2 2 1
˜  f 1 c g 1 c ,Ž . ˜Ž .Ý 2 1
Ž .and this induces the multiplication suggested for Hom C , A .R
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Ž . Ž . Ž . is a central idempotent in Hom A C, A  * A C see 1.4A  R R
and	under the isomorphism under consideration	e is the image of  .
If C is projective as an R-module then A C is a projective A-mod-R
Ž . Ž .ule and hence satisfies the -condition. So 1 and 2 are special cases
of 3.8.
Moreover, if C is finitely generated as an R-module then A C isR
finitely generated as an A-module and so is its homomorphic image
Ž . Ž . ŽŽ . . Ž .A C  A. Now 3.8 4 implies that * A C  A  * A C   isR R R l
A CR˜ Ž .in M and this ring is isomorphic to  C, A  e.l
The above observations are variations and refinements of what is called
 the weak Koppinen smash product in 6, Section 3.2 . Of course the
Ž  .situation simplifies for corings compare 5, Lemma 4.3 :
Ž4.3. SMASH PRODUCT OF CORINGS. Let A C be an A-coring as inR
.4.1 and assume C to be projectie as an R-module. Then:
Ž . Ž . AR C1  C, A has a unit and A C is a subgenerator in M R
Ž .  A C .R ŽC , A.
Ž . AR C2 If C is finitely generated as R-module, then M Mod-
Ž . C, A .
5. WEAK BIALGEBRAS
 Weak bialgebras are studied in Bohm et al. 1 and their relations to¨
 weak entwining structures are displayed in Caenepeel and de Groot 6 .
Here we give a characterization of weak bialgebras in terms of related
Ž .weak corings thus showing that part of the theory is covered by our
techniques.
Ž .Throughout this section B, ,  will denote an R-module B, which is
an associative R-algebra with multiplication  and unit 1 as well as a
coassociative coalgebra with comultiplication  and counit  , such that
 ab   a  b , for all a, b B.Ž . Ž . Ž .
With the twist map  we can form another mutliplication   and
another comultiplication    for B, and the resulting structures
B ,  ,  , B ,  ,  , B ,  , Ž . Ž . Ž .
are again algebras and coalgebras with multiplicative comultiplication.
Based on any of these data we have canonical multiplications with unit
1 1 on B B and we will define comultiplications with counits onR
Ž . Ž .B B. For a weak bialgebra we expect that B B becomes a weakR R
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B-coring in each of the four cases. As we shall see, for bialgebras it will be
enough to check one of the cases whereas for weak bialgebras we have to
Ž .check two suitable cases.
Ž .5.1. COMULTIPLICATIONS ON B B. Gien B, ,  , we consider B BR R
Ž . Ž .as a B, B -bimodule with right and unital left B-actions
a b  c a b  c  ac  bc ,Ž . Ž . Ž . Ý 1 2
a b c  ab c, for all a, b , c B.Ž .
Ž . Ž .1 For B, ,  define the maps
 : B B B B  B B  B B  1 B ,Ž . Ž . Ž .R R B R R R
a b a b  1 b  a1  b 1  b ,Ž . Ž .Ý Ý1 B 2 1 1 2 2
I 
 : B B B B  1 B ,Ž .R R
a b a b  1 a1  b1 .Ž . Ž .Ý 1 2
Ž . Ž   .2 For B,  ,  we consider the maps
 : a b a b  1 b ,   : a b 1 a 1 b .Ž . Ž . Ž .Ý Ý2 B 1 2 1
The module B B with these maps we denote by Bo B.R R
Ž . Ž  ..3 For B,  ,  we consider the maps
 : a b a b  1 b ,  : a b 1 a 1 b .Ž . Ž . Ž .Ý Ý1 B 2 1 2
Ž . Ž  .4 For B, ,  we consider the maps
 : a b a b  1 b ,  : a b a1  b1 .Ž . Ž . Ž .Ý Ý2 B 1 2 1
Then all the ’s are coassociatie weak comultiplications on B B andR
the  ’s are left B-module morphisms with
a b  1 I   a b , for all a, b B.Ž . Ž . Ž .
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Ž .Proof. 1 Clearly  is a left B-module morphism. For a, b, c B we
have
 1 b  c  c  bc  1 bcŽ . Ž . Ž .Ž . Ž . Ž .Ý 1 2 B 21 2
 c 1  b c 1  b cÝ 1 1 1 2 1 2 2 2 2
 c  b c  b c ;Ý 1 1 1 1 2 2 2
 1 b  c 1 b  1 b  cŽ . Ž . Ž .Ý 1 B 2
 1 b  c  b cŽ . Ž .Ý 1 B 1 2 2
 c  b c  b c .Ý 1 1 1 1 2 2 2
This shows that  is right B-linear. Coassociativity of  follows easily
from the coassociativity of .
Clearly  is left B-linear. Moreover, for a, b B,
I   a b  a b  1  b 1Ž . Ž . Ž .Ž . Ý 1 B 1 2 2
 a1  b 1  b 1Ž .Ý 1 1 1 1 2 2 2
 a1  b 1  b 1Ž .Ý 1 1 2 1 2 2 2
 a1  b1  a b  1.Ž .Ý 1 2
Ž . Ž . Ž .The proofs for 2 , 3 , and 4 follow by the same pattern.
In general the properties of  and  are not sufficient to make B BR
Ž . Ž . Ža coring.  need be neither right B-linear nor  I  a b  a
.b  1. To ensure these properties we have to pose additional conditions on
 and .
Ž . Ž .We say that B, ,  induces a weak coring structure on B B ifR
Ž .the latter is a weak B-coring with the maps defined in 5.1.
Ž .Recall that B, ,  is said to be a bialgebra proided that  and  are
unital algebra morphisms.
5.2. B B AS CORING. The following are equialent:R
Ž . Ž .a B, ,  induces a coring structure on B B;R
Ž . Ž   .b B,  ,  induces a coring structure on B B;R
Ž . Ž  .c B,  ,  induces a coring structure on B B;R
Ž . Ž  .d B, ,  induces a coring structure on B B;R
Ž .e B is a bialgebra, i.e.,
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Ž . Ž . Ž . Ž .B.1  ab   a  b , for a, b B.
Ž . Ž .B.2  1  1 1.
Ž . Ž .Proof. a  e Assume B B to be a B-coring. Then B B is aR R
unital right B-module, e.g.,
1 1 1 1  1 1 1  1   1 ,Ž . Ž . Ž . Ž .
and  is right B-linear, i.e.,
 1 a  b  b  ab   a b.Ž . Ž . Ž .Ž . Ý 1 2
Applying  we get
 b  ab   a b b   abŽ . Ž . Ž .Ž . Ž .Ý Ý1 2 1 2
   a b   a  b .Ž . Ž . Ž .Ž .
Ž . Ž . Ž . Ž .e  a If B.1 and B.2 are satisfied, then B B is a unitalR
right B-module and
 a b  c  ab  bc  ac  b  c  a b cŽ . Ž . Ž . Ž . Ž .Ž . Ý Ý1 2 1 2
  a b c,Ž .
showing that  is right B-linear and so B B is a B-coring.R
The other implications are shown similarly.
Part of the symmetry is lost in the case of weak corings.
5.3. B B AS WEAK CORING.R
Ž .1 The following are equialent:
Ž . Ž .a B, ,  induces a weak coring structure on B B;R
Ž . Ž   .b B,  ,  induces a weak coring structure on B B;R
Ž . Ž . Ž . Ž . Ž .c W.1  abc Ý ab  b c , for a, b, c B;2 1
Ž . Ž . Ž . Ž Ž ..Ž Ž . .W.2 I   1  1  1  1  1
Ž . Ý1  1 1  1 .1 1 2 2
Ž .2 The following are equialent:
Ž . Ž  .a B, ,  induces a weak coring structure on B B;R
Ž . Ž  .b B,  ,  induces a weak coring structure on B B;R
Ž . Ž  . Ž . Ž . Ž .c W .1  abc Ý ab  b c , for a, b, c B;1 2
Ž  . Ž . Ž . Ž Ž . .Ž Ž ..W .2 I   1   1  1 1  1
Ž . Ý1  1 1  1 .1 2 1 2
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Ž . Ž . Ž .Proof. 1 a  c Assume B B to be a weak B-coring. Then  isR
right B-linear,
 1 a  b  c   1 a  b c b  ab cŽ . Ž . Ž .Ž . Ž . Ý 1 2
  1 a  bc  bc c a bc ,Ž . Ž . Ž . Ž .Ž . Ž .Ý 1 2
and applying  yields
 ab  b c   bc  a bc   a bc bcŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .Ý Ý Ý1 2 1 22 1
  abc .Ž .
 being weakly counital implies that
1 a  1  1 a  a  1  a 1  a ,Ž . Ž . Ž .Ý Ý1 2 1 1 2 2
and replacing a by 1  or 1, respectively, we have1
1 1   1  1  1  1  1  , andŽ . Ž . Ž .Ý1 1 1 1 2 1 2
 1  1  1 1   1  .Ž . Ž .Ý 1 1 1 2 2
Applying I  to the second equality yields
I   1  1  1 1  1   1 Ž . Ž . Ž .Ý 1 1 2 2 1 2 2
 1  1  1  1   1 Ž .Ý 1 1 1 2 1 2 2
 1  1 1  1  .Ý 1 1 2 2
Ž . Ž . Ž . Ž . Ž .c  a Suppose that W.1 and W.2 are satisfied. W.1 im-
plies that  is right B-linear by the following computation, for a, b B,
 1 a  1  b  I  1 b  a1 bŽ . Ž . Ž .Ž . Ý 1 1 2 2
 1 b  a1 bŽ .Ý 1 1 2 2
Ž .W.1  1 b  a1  1 bŽ . Ž .Ý 1 1 2 2 2 1 2
Ž .W.1  1 b  a1  1  1 bŽ . Ž . Ž .Ý 1 1 2 2 2 2 2 1 2 1 2
coass. 1 b  a1  1  1 bŽ . Ž . Ž .Ý 1 1 1 2 2 2 1 1 2 2
 1 b  1 b  a 1 1Ž . Ž .Ž .Ý 1 1 1 1 2 2 2 1 2 2
 1 b a1Ž .Ý 1 2
  1 a b.Ž .
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Ž .By W.2 we have, for a B,
 1 a  a   1 a1  a1Ž . Ž . Ž .Ž .Ý Ý 1 21 2
 I  1  a 1 1  a 1 Ž . Ž .Ý 1 1 1 2 2 2
Ž .W.2  I  1  a 1  a 1Ž . Ž .Ý 1 1 2 1 2 2 2
 1  a 1  a 1Ž .Ý 1 1 2 1 2 2 2
 1   I  a1Ž . Ž .Ý 1 2
 1  a1  1 a  1  1 a  1,Ž . Ž . Ž .Ý 1 2
which shows that  is weakly counital.
Ž . Ž .b  c This is shown with a similar computation.
Ž . Ž .2 The proof is similar to the proof of 1 .
Ž .5.4. GROUP-LIKE ELEMENTS. Assume that B, ,  induces a weak
Ž .  Ž .coring structure on B B. Then  1 and  1 are group-like elements forR
B B and Bo B, respectiely.R R
Ž˜ BR B .Ž .1 B is a right B B-comodule and for any M M , theR
coinariants are
M coŽ BRB .  mMB   m  m1  1 , andŽ . . 4ÝM 1 2
BcoŽ BRB .  a B   a  a1  1 .Ž . 4Ý 1 2




RB .  mMB   m  m1  1 , andŽ . 4ÝM 2 1
BcoŽ B
o
RB .  a B   a  1 a 1 .Ž . 4Ý 2 1
Ž .Proof.  1 is a group-like element for B B sinceR
  1  1  1  1 1  1  1  1 1Ž . Ž . Ž . Ž . Ž .Ž . Ý Ý1 2 1 B 2 2 1 1 1 2 B 2
  1  1  1   1   1 , andŽ . Ž . Ž . Ž .Ž .Ý B 1 2 B
  1  I   1  1  1  1  1.Ž . Ž . Ž . Ž .Ž . Ž . Ý 1 2
 Ž . oSimilarly we get that  1 is a group-like element for B B.R
Ž . Ž .1 By 2.1, B is a right B B-comodule and 2.2 1 yields the givenR
characterization of the coinvariants.
Ž . Ž .2 This follows with the same proof as 1 .
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 Following Bohm et al. 1, Definition 2.1 , we call B a weak R-bialgebra¨
Ž . Ž   . Ž  . Ž  .provided that B, ,  , B,  ,  , B,  ,  , and B, ,  all induce
coring structures on B B. From 5.3 we immediately obtain:R
5.5. WEAK BIALGEBRAS. The following are equialent:
Ž .a B is a weak R-bialgebra;
Ž . Ž . Ž  .b B, ,  and B, ,  induce coring structures on B B;R
Ž . Ž   . Ž  .c B,  ,  and B,  ,  induce coring structures on B B;R
Ž . Ž . Ž . Ž  . Ž  .d The conditions W.1 , W.2 , W .1 , and W .2 are satisfied
Ž .see 5.3 .
Notice that 5.5 corresponds to the characterization of weak bialgebras
 by properties of entwining structures in 6, Section 4.1 .
Ž . Ž .If B B, ,  is a B-coring, the condition b 1  b implies thatR
Ž . coŽ BR B .b  b 1, which means B  R1 and R is an R-direct summandB
in B. This is no longer true in the weak case but some results in this
direction still hold.
5.6. COINVARIANTS IN WEAK BIALGEBRAS. Let B be a weak bialgebra.
Ž .1 For a B the following are equialent:
Ž . Ž . Ž coŽ BR B . .a  a Ýa1  1 i.e., a B ;1 2
Ž . Ž .b  a Ý1 a 1 ;1 2
Ž . Ž .c aÝ a1 1 ;1 2
Ž . Ž .d aÝ 1 a 1 .1 2
Ž .2 For a B the following are equialent:
Ž . Ž . Ž coŽ BoR B . .a  a Ý1  1 a i.e., a B ;1 2
Ž . Ž .b  a Ý1  a1 ;1 2
Ž . Ž .c aÝ1  1 a ;1 2
Ž . Ž .d aÝ1  a1 .1 2
Ž . Ž . Ž . Ž . Ž . Ž .Proof. 1 a  c , b  d Apply  I to the equality in a and
Ž .b , respectively.
Ž . Ž . Ž . Ž .c  a , b Assume that aÝ a1 1 . Then1 2
Ž  .W .2
  a   a1 1  1   a1 1 1  1  a1  1 ,Ž . Ž . Ž .Ý Ý Ý1 2 1 2 2 1 2 1 2 1 2
and similarly
Ž .W.2
  a   a1 1  1   a1 1 1  1  1 a 1 .Ž . Ž . Ž .Ý Ý Ý1 2 1 2 2 1 1 2 2 1 2
Ž . Ž .d  a This is shown similarly.
Ž . Ž .2 The proof goes along the lines of the proof of 1 .
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Ž Ž . .5.7. The Ring End B ,R
Ž . Ž . Ž .Given B, ,  the usual convolution product is defined on End BR
by
f g  f g  , for f , g End B ,Ž . Ž .R
Ž Ž . .and End B , is an associative R-algebra with unit    ; i.e.,R B
Ž . Ž . b   b 1 , for any b B.B B
Besides  there are other maps which are of particular interest forB
weak bialgebras and which coincide with  for bialgebras.B
L R Ž .5.8. THE MAPS  AND  . Assume that B, ,  induces a weak
coring structure on B B. Define the mapsR
1R   : B B B B , b 1  b1 ,Ž .ÝR 1 2
 o1L   : B B B B , b  1 b 1 ,Ž .ÝR 1 2
which obiously satisfy  L I I I R.
Ž . L Ž .1 For  we hae where a, b B :
Ž . LŽ .i Ýb   b Ý1 b 1 ;1 2 1 2
Ž . LŽ . LŽ . Ž Ž . .ii a b Ý a b a Ý a b a ;1 2 1 2
Ž . LŽ . Ž . Ž .iii f b Ý f 1 b 1 , for any f End B ;1 2 R
Ž . L L Liv     ;
Ž . Ž . Ž LŽ .. LŽ . LŽ LŽ ..v  ab   a b and  ab   a b ;
Ž . LŽ . LŽ . LŽ LŽ . .vi  a  b    a b .
L LŽ . L LSo B   B is a subring of B and  is a left B -module morphism.
Ž . R Ž .2 For  we hae where a, b B :
Ž . RŽ .i Ý b  b Ý1  b1 ;1 2 1 2
Ž . RŽ . RŽ . Ž Ž ..ii  b aÝa  ba Ýa  ba ;1 2 1 2
Ž . R Ž . Ž . Ž .iii   g b Ý1 g b1 , for any g End B ;1 2 R
Ž . R R Riv     ;
Ž . Ž . Ž RŽ . . RŽ . RŽ RŽ . .v  ab    a b and  ab    a b ;
Ž . RŽ . RŽ . RŽ RŽ ..vi  a  b   a b .
R RŽ . R RSo B   B is a subring of B and  is a right B -module morphism.
Ž .3 Assume that B is a weak bialgebra. Then
Ž . coŽ BR B . L Li B  B and B is a direct summand of B as left
B L-module.
Ž . coŽ BoR B . R Rii B  B and B is a direct summand of B as right
B R-module.
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Ž . Ž . Ž . Ž . Ž . Ž .Proof. 1 i and ii follow directly from W.1 and W.2 ; iii is a
Ž . Ž . Ž .consequence of i . iv and v follow from the equalities
 L  L a    1 a 1 1 1   1 a  1 1 1 Ž . Ž . Ž . Ž .Ž .Ž . Ý Ý1 1 2 2 1 1 2 2
Ž .   LW.1   1 a 1   a , andŽ . Ž .Ý 1 2
 a L b   a 1 b 1Ž . Ž .Ž .Ž . Ý 1 2
Ž .W.1   a1  1 b   ab .Ž . Ž . Ž .Ý 2 1
Ž . Ž LŽ .. LŽ . Ž .vi We have   a Ý1  a  1 , and hence by ii ,1 2
 L  L a  L b   1  L a b 1   L  L a b .Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ý 1 2
Ž . Ž .2 If B, ,  induces a weak coring structure on B B, then thisR
Ž   . Ž .is also true for B,  ,  see 5.3 and the proof is similar to the proof
Ž .of 1 .
Ž . Ž . Ž .3 This follows by 5.4, 5.6, and 1 , resp. 2 .
Notice that most of the identities considered in 5.8 and later on are
   already familiar from 10 and 1, Section 2.2 . Since we do not consider
Ž . Ž .finite dimensional algebras over fields, the duality arguments used
there are not always available here and hence we prefer to indicate proofs
if appropriate.
5.9. Antipodes
Ž . RAn element S End B is called a left antipode if S I  andR
S L  S; i.e., for b B,
Sb b  1  b1 and S 1 b 1  S b ;Ž . Ž . Ž . Ž .Ý Ý Ý1 2 1 2 1 2
a right antipode provided that IS  L and  RS S; i.e.,
b Sb   1 b 1 and 1 S b1  S b ;Ž . Ž . Ž . Ž .Ý Ý Ý1 2 1 2 1 2
and an antipode if S is both a left and a right antipode.
In view of the properties of  L and  R we have the following result
which shows that our notion of an antipode coincides with the antipodes
 in 1, 2.1 .
Ž .The following are equivalent for S End B :R
Ž .a S is an antipode;
Ž . R Lb S satifies S I  , IS  and S IS S.
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A weak bialgebra B with an antipode is called weak Hopf algebra
Ž  .see 1 .
It is straightforward to see that the antipode of a weak bialgebra has the
Ž L Rusual properties of the antipode if B is a bialgebra then  and 
.coincide with  .B
Notice that our antipodes satisfy S IS S and IS I I, the
 conditions used in Li 7 to define his ‘‘weak Hopf algebras.’’
5.10. Galois Corings
Let B be a weak bialgebra. Then the B-coring B B is right GaloisR
Ž .Definition 2.4 if the canonical map
 : B L B B B  1, a b a 1  b ,Ž . Ž . Ž .B B R
is an isomorphism. Obviously  is a left B-module morphism.B
 The following observation generalizes 9, Theorem 1.1 .
5.11. EXISTENCE OF ANTIPODES. Let B be a weak bialgebra. Then:
Ž .1 B has a right antipode if and only if  has a left inerse in B-Mod.B
Ž .2  is an isomorphism if and only if B has an antipode.B
Ž . Ž . LProof. 1  Let  be a left inverse of  . Then 1 b B B
Ž . Ž . LL 1 b   b , and applying I  we getB
 L b  I  L  b .Ž . Ž . Ž .
Then the composition
 L1 1 I   
LS : B B B B B  1 B B B ,Ž .R R B
is a right antipode since
 id S  b  b I  L  1  b 1Ž . Ž . Ž . Ž .Ž .Ý 1 1 2 2
 I  L  b   L b andŽ . Ž . Ž .
 RS b  1 S b1  I  L  1  b1  S b .Ž . Ž . Ž . Ž . Ž .Ý Ý1 2 1 2
Ž . Now assume S: B B to be a right antipode and consider
the map
 : B B B L B , a b aS b  L b .Ž .ÝR B 1 B 2
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By the property
 a b  1  a1 S b 1  L b 1Ž . Ž . Ž .Ž . Ý 1 1 2 1 B 2 2 2
Ž .  L W.2  a1 S b 1 1  b 1Ž .Ý 1 1 1 2 B 2 2
 aS b 1   L b 1   a b ,Ž . Ž .Ý 1 1 B 2 2
Ž . Lit induces a map  : B B  1 B B, which is a left inverse of R B B
since, for any b B,
 1 L b   b  b S b  L b  b S b  L bŽ . Ž . Ž . Ž .Ý ÝB 1 2 1 B 2 2 1 1 1 2 B 2
  L b  L b  1 L b.Ž .Ý 1 B 2 B
Ž . Ž . Ž .2  Assume  to be bijective. By 1 , there exists a rightB
antipode S and so we have IS I  L I I.
Ž .Any element in B B  1 can be written as Ý a c , for some a , c i i i i i
B, and
 id S I	  a c  a IS I	 I c  0.Ž . Ž . Ž . Ž .Ž .Ý ÝB i i i B i
i i
Ž . Ž . Ž .This implies that for 1 b  1  B B  1, where b B,
 R b  1  b1  1 S I b1  1 S b 1 b 1Ž . Ž . Ž . Ž .Ý Ý Ý1 2 1 2 1 1 2 1 2 2 2
Ž .    W.2  1 S b 1 1 b 1  S b 1 b 1  S I b .Ž . Ž . Ž .Ý Ý1 1 1 2 2 2 1 1 2 2
Moreover,  RS S IS S L  S, showing that S is a right
antipode.
Ž . Ž . For the  defined in 1 we already know that   I.B
For any a, b B we have
  a b  1  aS b  1  b  aS b b  bŽ . Ž . Ž . Ž .Ž . Ž .Ý ÝB 1 2 1 2 1 2 2
 aS b b  b  a  R b  bŽ . Ž .Ý Ý1 1 1 2 2 1 2
Ž .Ž .5.8 1 i  a 1 b  1 a b  1,Ž . Ž .
which shows   I and hence  is an isomorphism.B
Recall that the category of comodules over a coring B B isR
Ž .Grothendieck provided B B is flat as a left B-module see 1.10 .R
Ž . LIt follows from 5.8 3 that any weak bialgebra B has B as a direct
summand which means that B is flat as a left B L-module if and only if it is
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faithfully flat. Hence the characterization of a ring as a generator for
related comodules in 2.5 immediately implies:
5.12. FUNDAMENTAL THEOREM FOR WEAK HOPF ALGEBRAS. For a weak
R-bialgebra B the following are equialent:
Ž . La B is a weak Hopf algebra, and B is flat as left B -module;
Ž . Ž .b B B is flat as left B-module, and B is a projectie generator inR
Ž .M B B  1;R
Ž . Ž BR B .1c M is a Grothendieck category and
HomBRB B ,  : M Ž BRB .1 Mod-B LŽ .
Ž .Lis an equialence with inerse  B ;B
Ž . Ž BR B .1d B B is flat as left B-module, and for eery M M ,R
M coB  L BM , m bmb,B
is an isomorphism.
Ž .Notice that B B is flat projective as left B-module provided B isR
Ž .flat projective as R-module. Of course this is always the case if R is a
Ž . Ž .field. For this situation a direct proof of the implication a  d is given
 in 1, Theorem 3.9 .
 5.13. Remark. We can follow the proof of 1, Lemma 3.7 to show: If B
is a weak Hopf algebra with antipode S, then for any right B B-comoduleR
M, the map
I S  : MM coŽ BB .Ž . M
is a splitting B L-morphism.
 This entails that the first part of the proof of 5, Theorem 5.6 can be
applied here without the initial condition that B is flat as left B L-module.
Therefore we can add as additional equivalent conditon in 5.12:
Ž .e B is a weak Hopf algebra, and B B is flat as left B-module.R
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